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Problem 1 (Ramon van Handel)

We are given the vector fields on R? (z = (2!, 2%, 23) € R3)

9,0
X(@) =502 =7 ga
0

Y(:L’):—axl.

We easily calculate by commutation

0 0 0 0 0 0 0
X,Y] = — ! — — ! — .
X, Y] (8:62 v 8953) dzt  Ox! (8352 ’ 8353) oz

Next, we calculate the flow for each of these vector fields. This amounts to
solving the corresponding set of differential equations. For X we have

i =(0,1,—2") = x(t) = (x}, 25 +t,25 — 2t) = ¢ (x0).

For Y we get
i =(1,0,0) = x(t) = (v§ +t,25,20) = ¢ (w0) .
and for [X,Y] we get
i=(0,0,1) = x(t) = (ad, a2, a3 + 1) = o (o).
We can now evaluate the expression in the problem. The RHS gives
dr " ((0,0,0)) = (0,0, 7).
Evaluate the LHS:
i, ((0,0,0)) = (0,h,0)y, © ¢ ((0,0,0)) = ¢, ((0,4,0)) = (h, h,0).

Now use ¢, % = ¢%,, ¢,7 = ¢¥, (as dz(t)/dt = X(x), so dz(—t)/dt =
—X(z).) We get

¢;YO¢EXO¢ZO¢}LX<(O> 07 O)) - ¢1—/ho¢i(h((h> h> 0)) = ¢)—/h((ha 07 hQ)) = (07 Oa h2) :

Thus ¢, 0 ¢, 0 6} 0 ¢((0,0,0)) = ¢12"1((0,0,0)).



Problem 2 (Nawaf Bou-Rabee)

Since X,Y € A, one can expand them in terms of the basis elements of the
distribution:

d
X =3 fX;
i=1

d
Y = Z 9i X
i=1

where f;, gi € C°(M) for i = 1,...,d. Therefore,
d d
[X7 Y] = [Z fiXi, Z ngj]
i=1 j=1

d d

=3 > 11X, ;X))

i=1 j=1
d d
= Z Z [igi X, X5) + fi(Xig;) X5 — 9;(X; [3) X

i=1 j=1

Since fzg][XzaX]] c A, fZ(ngj)Xj c A, and gj(X]fz)Xl € A, then [fZX“g]X]] €
A. Finally, [X,Y] € A since it is the sum of [f; X}, g;X;].

Problem 3 (PS 2009)

Quick proof: X, € T,N Vp € N means there exists X" € X(N) such that
XN ~; X, where i : N — M is the natural inclusion. Similarly for YV ~; Y.
Then Prop 4.2.25= [XV, Y] ~; [X,Y] ie. [X,Y], € T,N Vpe N.

Equivalent (but longer) proof: X, € T,N Vp € N means there exists
XN € X(N) such that

(X)lv =X"(fln) Vfe€C®(M).
Similarly (Y f)|y = YN(f|x) for some Y~ € X(N). Then
(XY ))v =XV lnv) = XV (fn)
and similarly for Y (X f)). So
(XYl = (XY YN)(flv) Vf e (M)

By definition this means [X,Y], € T,N Vp € N.



Problem 4 (PS 2009)

Since F' is a submersion, for every point m € M, T,,F' is surjective with split
kernel. Then by the Local Onto Theorem (Thm 3.5.2), there exist charts
(U,¢) and (V) such that m e U, f(U) CV, ¢ :U — ¢(U) = U’' x V', and
Fy, U x V' — V' is projection onto the second factor.
The sets F~1(q), ¢ € N clearly partition M. Construct the above charts
for m € M. We have that
peEUNFq) e peUand F(p) =q
< p e U and P(F(p) =v(q)
& p €U and Fyy(o(p)) = ¥(q)
< o(p) €U x V' and ¢(p) € E x {¢(q)}
< ¢(p) € U x {¢(a)}

So ¢(UNF~Y(q)) = U'x{1(q)}, as required. Since we can do this for any point
m € M, this proves that the sets F~'(n) are leaves of a foliation (assuming
they are connected).

Problem 5 (PS 2009)

(a) The flow of X through (x,y, 0) is the solution of 7/(t) = X (v(t)), v(0) =
(x,y,60), and so is given by

¢ (z,y,0) = (v +tcosh,y +tsind,0).

Similarly
¢y (x,y,0) = (2,y,0 + 1).
The flows are complete since they are defined for all t.

(b) X is invariant under its own flow iff (¢;*). X = X i.e.
Tyxm® (Xpx,p) =X, VpeM.

The components of T¢>_<t(p)qbtx (Xgx, () wrt the basis { o 0 0 } ’p are

oz dy’ 06
1 0 —tsinéd cos 6 cos 6
0 1 tcosf sinf | = [ siné
00 1 0 0

which is the same as the components of X,, wrt this basis. Similarly, to
show Ty (& (Yr, ;) = Y

100 0 0
010 0] =10
0 01 1 1

which is the same as the components of Y.



(X, Y] = (cos 02 + sin 92> 9_9 (cos Hﬁ + sin 92>

ox dy ) 00 00 ox dy
. 0 0
= s1nt98—x — CoS 06—y.

Since
sinf —cosf 0

det | cosf sinf 0] =1+#0
0 0 1

the vectors X,,,Y,, and [X, Y], are linearly independent for each p € M,
and so span the three dimensional space T,,M.

o(z,y,0) = (xcosl + ysinb, xsinh — ycos b, 0)

=0 Y21, 29, 23) = (21 COS 23 + 23 5in 23, 21 sin 23 — 25 COS 23, 23).

(Note: since ¢ is a change of coordinates, we're really just computing
the components of X wrt two different coordinate systems; it’s not really
correct to say this is the ‘push-forward’ of X by ¢.)

The components X' of X wrt the basis {8%1,8%2, 8%3} are related to

j [0 D 0
the components X7 wrt the basis { -, By 53} by
_9¢'

Ol

Xi(2) (67 (2)X7(67(2))

so the X' are given by

sinzg —coszz (21 cosz3+ 2z28in 23) cos z3 + (27 sin z3 — 22 cos z3) sin z3 sin 23
0 0 1 0

COS 23 sin z3 —29 COS 23 1
= |[sinz3 —coszz 2z sinzg | = (0
0 0 1 0 0

ie. X = ai Similarly, the Y are given by

21"

(cos z3 sinzz  —(z1cosz3 + 2zosin z3)sin z3 + (21 sin z3 — 22 cos z3) cos 23) (cos 23)

coSzz Sinzg —2y 0 —29
sinz3 —coszz 21 Ol =1 =
0 0 1 1 1

; - _, 0 9 4 0
le. Y = Z2az1+zlazQ+az3‘



(e) Components [X,Y] of [X,Y] are given by

CcoSzz Sinzg —2y sin z3 0
Ssinzg —cosz3 21 —cosz | = (1
0 0 1 0 0

Le. [X,Y]= 8%2. Computing the other way,

0 0 0 0

[X,Y] = a—Zl, —Zga ) +Zla_22+8_2’3
)
_822.

So [X, Y] works out the same either way we calculate it.
(f) The invariance condition F,X = X is equivalent to
T F(Xpp) = X(p)  VpeM,

and similarly for Y. The components of T, F(Xp-1(,)) with respect to

{55 35 5, are

cosaw —sina 0\ [cos(f — «) cos 6
sina cosa 0 sin(@ —a) | = [ sind
0 0 1 0 0

o 9 0
We can see these are the same as the components of X, wrt { -, 3y 59} }p.



