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1 Introduction

We consider H., analysis problem: the problem of computing H., norm
(the ¢ induced gain from a bounded input to an output) of linear discrete
time invariant system. The result from the robust control theory connects
H, norm with the robust stability of a system in the presence of certain
uncertainty [DP00]; The system with smaller H,, norm is more robust to
the uncertainty. Based on this result, the robust control theory aims to find
a feedback controller which minimizes H,, norm to maximize the robustness
of the closed loop system, [Doy84], [DGKF89], and computing H, norm is
the essential part of the robust control theory.

H, analysis is well studied in standard textbooks in control, [BEGFB94],
[ZDG196], and [DP00] to name a few. Moreover, numerical methods for He,
analysis are also investigated in [BB90], [BS90], and [Sch90]. All the stan-
dard results are based on so called the KYP (Kalman-Yakubovich-Popov)
lemma [Ran96]. Our recent work [YD13] points out that the KYP lemma
based H,, analysis can be seen as the Lagrangian dual of a well-defined op-
timization problem, and in fact this hidden duality is already investigated
in [Sch06], [TL11b], and [Ebi09], to name a few.

Recently, [GB13] presented a new, simple approach to H., analysis by
explicitly constructing the disturbance that (asymptotically) achieves Hyo
norm of the system. Mathematically, the result from [GB13] is already
known to be the Lagrangian dual of KYP lemma, but this approach suggests
that KYP lemma may not be the only way to derive Hy, norm.

This report combines these new insights from [GB13] and [YD13] to
reformulate the H, analysis problem. Specifically, we construct the distur-
bance that achieves the H,, norm of the system, which is a sinusoidal signal,
and this information gives us the exact frequency where the Bode magnitude
plot has the maximum value. This construction is strikingly different from



the KYP lemma where we are not able to recover the peak frequency nor
the worst case disturbance.

Although our formulation is same as the one in [GB13], but we present
alternative proof based on [YD13], since the original proof in [GB13] can’t
recover the frequency component of the disturbance. Moreover this new
proof also generalizes towards bounded frequency H,, analysis, where we
consider a disturbance with bounded frequency components.

Finally, our result does not require controllability of the system, in con-
trast to the KYP lemma and [GB13] where we require controllability of the
system. Therefore, this direct, and simple approach relaxes the requirement
of the algorithm but also provides a way to construct the worst case distur-
bance, and we believe that this approach opens a new way of describing the
robust control theory in modern optimization point of view.

Notation

W* is the Hermitian of W, Tr (W) is a trace of W, and WT is the pseudo
inverse of W. The generalized inequality, X > (>)0, means X is a positive
(semi)definite matrix.

2 H, Analysis

2.1 Problem formulation

Let us formulate the H,, analysis problem with discrete time dynamics.
Consider LTT system M:

Tht1 = Axi, + Bwy,
z = Cxp+ Dwy,

AeC™m BeC™m, CeC*" and D € C*™. Moreover we assume that
A is Schur stable, the spectral radius of A is less than unity. Although the
H., analysis consider Lo gain of the system, it can be shown that this is
equivalent to consider the power norm [ZGBD94|. Therefore for the ease of
presentation, we proceed the analysis with the power norm.

Define the power norm of the signal h as

1 n—1
2 _ 1 - *
bl = lim — k§_0 hics.



We define Hy, norm of the system M as:

2],

Iwilp<t [wllp

[Mlloo =

From the linearity of the system, the supremum is always achieved at ||w||, =
1. Therefore, for the linear system, above definition is equivalent to

[Mlloo = sup |[z]]p-
Iwilp<1

From the definition of the power norm, ||M % can be calculated by the
following infinite dimensional optimization problem:

n—1
M2, = ma)viviglize 7}1_{1;@%2,22%
k=0
subject to xpy 1 = Az + Bwg (1)
zr, = Cxp + Dwy
rog — 0
Iwl, < 1.
Notice that this problem as posed is intractable since we have countably

infinite number of variables and constraints. Without any reduction, we
can’t hope to solve this problem.

2.2 Main Result

Introduce the new variable
. 1 n—1 < T *
V = lim — g = 0.
n—oon, 0 Wi, Wi

This lifting enables us to reduce the problem to a finite dimensional convex
problem which we can solve.
First of all, the objective function only depends on this new matrix V:

n—1

o1 . X
nh—>noloﬁ z_:zkzk =Tr ([C D|V[C D] ) .
From the dynamics xy1 = Awzg + Bwg, we have zpp7y,, = (Azg +

Bwy)(Axy + Bwg)*. By taking the infinite sum on both sides, we can con-
clude that

UQVH:MBWE?
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and from ||w||, <1, we have
(o v 1) <1

Notice that adding this redundant constraint to (1) does not change the
optimal value and the solution of the problem.

maximize Tr([C D]V[C D]*)

Vix,w
subject to [I O] v [(I)] = [A B] % [éi]
(o Nvijo 17) <1
Vzo (2)
Try1 = Az + By,
o =0
[wlilp <1

1 n *
V=lim - [“”’“] [mk]
n—oon, 1 Wi Wi

This is still problematic. First of all, (2) is still an infinite dimensional
problem, and the last equality is not affine. Therefore this lifted problem
(2) is an infinite-dimensional non-convex problem. However, by dropping
the last four constraints, we have a relaxed version of (2) which is a finite
dimensional semidefinite program [BV04]:

fopt = max‘i/mize Tr ([C DV [C D]*)

subject to  [I O]V[é] = (A B]V[g:} (3)
(o v 1) <1

V=0

One direct consequence of this relaxation is that the optimal value of (2) is
less than (3), because (3) has larger feasible set, so the optimal value juopt of
(3) provides an upper bound of ||M|% . However the following non-trivial
result shows that ppt is actually same as ||M]|%, and we can recover the
optimal solution of (1) from the optimal solution V¢ of (3).



Theorem 1. The optimal value of (3), popt, is same as the optimal value

of (1), IM]IZ.

Notice that, unlike [Ran96], [GB13], we do not require controllability of
(A, B) . Moreover, we will describe how to construct the optimal solution
of (1), which is the problem of interest, from the optimal solution of (3),
and this solution tells where the Bode magnitude plot has the maximum
value. Before proving this result, we need some technical lemmas from
Linear Algebra.

Lemma 2 (Rank one decomposition). Suppose V = 0, and [I O] %4 [é} =
A*

[A B]V[B*

} . Then there exists a set of rank one matrices Vi, such that

V=> Vi, Rank(Vi) =1, V= 0
k

1 0V H —[4 BV [g]

Proof. The following proof is from [Ran96]. Let F' = [I 0] VY2 and G =
[A B] V12 Since FF* = GG*, Lemma 7 in the appendix implies that
there exists a unitary matrix U such that FF = GU. Being unitary, U =
>k ejekuku}';, and ), upuy = I. Notice that Fu, = GUuy, = €% Guy,, and
Fupup F* = GuiupG*. Therefore, by defining Vj, = V1/2ukuZV1/2, it is
routine to check that this construction satisfies all the constraints. O

The above lemma shows that the extreme points of the feasible set of (3)
are rank one matrices. Since the objective function in (3), Tr ([C D|VI[C D] *>,

is linear, there exists a rank one optimal solution of (3).

Proposition 3 (Rank one optimal solution). There exists an optimal solu-
tion of (3), Vopt with Rank(Vopy) = 1.

Proof. Let Vipt, and piopt be the optimal solution, and the optimal value of
(3), respectively. From Lemma 2, there exist rank one matrices Vj such that
Vopt = 2 Vi and Vj, is in the feasible set of (3).

Define the scalar values:

P = ﬂ([o v [o I]*),

w = T([c DIVi[c DI').
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Then, we must have fiopt = Y4 ptk, and >, pr, < 1. Let J be the index such
that

J = argmax i,

k. DPk
(Notice that from Proposition 12 in the appendix, py > 0, for all k.)
We will show that V' = ]%VJ is a rank one optimal solution of (3). It is

easy to check that V is a feasible point of (3). Moreover,

T ([c plVc D) = %
> pk&
% by
Mk
> § or
= k pkpk

= Z/Lk = Hopt-
k

Therefore, Tr ([C D]V [C' D]") > pope which implies Tr ([C D]V [ D]") =
Hopt, and V is a rank one optimal solution. ]

Now we are ready to prove Theorem 1.

Proof of Theorem 1. From Proposition 3, we obtain a rank one optimal so-
lution Vop of (3). Since Rank(Vgp¢) is one, there exist vectors zop, € C”,

*
and wepy € C™ such that Vopy = [%pt] [%pt] . Since Vop satisfies (4), we
Wopt | | Wopt

ol [ fen] [ =0 [ o] [

and from Corollary 8 in the appendix, there exists a scalar 0 such that

have

6,
e?7P T opt = AZopt + Bwopt.

Therefore, wy, = ejaoptkwopt results in zy, = (efrtk], — Ak)xopt, and since
A is stable, we have

n—oo n |Wg Wi
From this point, it is obvious that |w|, < 1. In fact ||w||, = 1, and
|lz|l, = p. Therefore, ““VZJ""; = p, which concludes the proof. O



Remark 1. In the proof, we construct w, the optimal solution of (1).
This worst case disturbance is a sinusoid which is well known in the litera-
ture, since the H,, norm of the system is the maximum value in the Bode
magnitude plot. However, in contrast to other approach, e.g. [Ran96], we
explicitly construct the disturbance w, and its frequency component 0.

2.3 The worst case disturbance extraction

As Remark 1 points out, we can construct the worst case signal by solving
(3) based on our new proof. Let us describe the detail procedure.
Suppose we obtain a solution Vot of (3). If Vot is rank one, then it
requires no additional step. Simply find a pair of vectors (Zopt, Wopt ), Vopt =
%
|:xopt:| |:.%'opt] , then 0, is guaranteed to exists such that ejg‘)mxopt =
Wopt | | Wopt
Azopt + Bwops. Therefore we can use element-wise devision among Zops
and Azopt + Bwopt to find the frequency 6op¢. From here the worst case
disturbance is w, = ejgoptkwopt. If Vipt is not rank one, we can use the
procedure in the proof of Proposition 3 to recover rank one solution, then
apply aforementioned procedure. To do this we need a unitary matrix U
which satisfies
[ oviZ=[a B]V U

opt opt
The following algorithm from [IMF00] constructs a desired U. The correct-

ness of this algorithm can be proved using argument in [IMF00], so we omit
the detailed proof.

Algorithm 1
Input: Complex matrices, F, G such that FF* = GG*
Output: A unitary matrix U such that F = GU

1. Set P=F+G,and Q=F -G
2. Find the SVD of P = UpXpV}p, and let r = Rank(P)
3. Set [R S] = [Ir o] ViPTIQVp

5. U= (I+A)I—A)"



By applying Algorithm 1 to F' = [I 0] Volp/tz, and G = [A B} Volp/f, we
obtain a desired unitary matrix U in the proof of Lemma 2. The second step

is to perform eigenvalue decomposition of U to have U = ), €10k upuy, where

uy, is the eigenvector of U. The third step is to find Vi = %L/t?ukuznlp/tz.
The final step is to find a index J which maximizes % as in the Proposition

3. Then Vj is a rank one optimal solution.

2.4 Connection to the KYP lemma

Textbooks in the Ho, control, for example [DP00], use the KYP lemma
combined with bisection search to obtain the H,, norm of the system. In
fact, the Lagrangian dual of our optimization (3) generates the optimization
derived from the KYP lemma:

minimize A\
P

)

, A*PA—P A*PB]  [C*C €D A
subject to- | pepy B*PB] [D*C pp-x| =0 W
A>0,P=P*.

However there is no guarantee on the optimal value from (4) to be the
same as H,, norm of the system, because strong duality may not hold. The
following example shows the case where strong duality fails.

Example 1. Consider the scalar system with (A, B,C, D) = (0,0,1,1). The
optimal value of (3) is 1, and so as || M|l = 1, whereas the optimal value
of (4) is +oo because there is no feasible point.

To establish strong duality, we need controllability:

Proposition 4. Suppose (A, B) is controllable. Then, strong duality holds
between (3), and (4).

The basic idea is to construct a positive definite feasible point V' > 0 in
(3), and use Slater’s condition as in [YD13]. Since the construction is very
technical, we relegate the proof in the appendix.

Proposition (4) suggests that the controllability requirement in the KYP
lemma is from this duality issue. In contrast, our direct approach (3) does
not require controllability which is another benefit.



3 Bounded Frequency H,, Analysis

As we have seen, the input that achieves the H., norm is a sinusoidal signal
with frequency that can be arbitrary in the interval [—m, 7]. In this section,
we consider disturbances with bounded frequency. Specifically, for a given
frequency 0 < 0y < m, we consider the disturbance with the specific form:
WL = {w : wp = e%w,, 6 € [-0y,00]}. In other words, the support of
the (discrete time) Fourier transform of w is contained by [—6p,6p]. This
formulation seeks the maximum value of the Bode magnitude plot of the
system in the low frequency region, [—6p, 6], not in the entire region, [—, 7]:

maximize nh_)rglo - Z 212k
subject to xpy1 = Az + Bwy
2z, = Cay, + Dwy, (5)
Trog = 0
I, < 1
w e Wr.

Because of the frequency constraint on w, it is not obvious how to lift this
problem as in the H., analysis, but we show that this can be also casted as
a semidefinite program.
Consider the disturbance wy = e/%%w, € Wy. This results in x; =
el% o + x,, where
e, = Axg + Buwy,

and z;, = —APz, is a transient term which goes to zero asymptotically.
Notice that from the dynamics, we have that

Tpp12y, + 22y = (Azg + Bwyg)xy, + 2 (Axy, + Bwy)™,

and from the solution of dynamics, z; = 1% 3. + hy, where hy, = —AFzg we

have

Tp12) +apahy, = 2cosfzsxt + eI (14 ) hy
+e (1 4 e I hypat 4 hyhj.

*

. x x .

Let us define V = lim % [ k] [ k} . Since hj converges to zero exponen-
n—oo Wi Wi

tially due to the stability of A, taking infinite sum in the above two equations



gives

2cosf [1 O}VHZ[A B]VHJF[I O]V[g:}

and since 0 € [—6y, 6], we have cos @ > cosfy. Therefore

2cos b [I O]V[é]j[/l B]V[é]Jr[I O]V[gi]

Similar approach in H, analysis allows us to have,

max‘i/mize Tr([C D}V[C D]*)

subject to [ 0]V H —[4 BV [gi]
A B]V[ﬂJr[I o]v[gi}&cosgo 1 O]Vm (6)

(o vio 17) <1
V=0,

Since this is a relaxed version of (5), the optimal value of (6) yields an
upper bound of (5). In fact, this gap is zero as in Theorem 1.

Proposition 5. The optimal value of (6)equals the optimal value of (5).

The proof is almost identical once we have a rank one decomposition of
Vopt- For notational simplicity, let Fy, be the feasible set of (6).

Lemma 6 (Rank one decomposition). For all V € Fy,, there exists a set of
rank one matrices, Vi, € Fr, such that,

V => Vi Rank(V})=1.
k

Proof. Define F = [I 0} VY2 and G = [A B] V12 Then from Lemma
10 in the appendix, there exists a unitary matrix U such that F' = GU, and
U+U*>2cosfl.

Being unitary, U = ), ejgkuku,’;. By defining Vi, = Vl/zuku’,;Vl/Q, we
can easily check that V, € Fr,and V =", V}. d

10



To extract a maximizing input, we can use exactly same procedure as in
Section II. C except finding a unitary matrix U due to additional requirement
U+ U* = 2cos 1. Following algorithm from [IMFO00] finds a desired U.

Algorithm 2

Input: Complex matrices, F,G such that FF* = GG*, FG* + GF* »
2cosfl.

Output: A unitary matrix U such that ' = GU, and U + U* = 2cosé1.

_ 1—cos®f
L. Set p = T5coed-

2. Set P= \/u(F+G),and Q = F - G.

3. Find the SVD of P = UpXpV}, and let » = Rank(P).
4. Set [R S| =[I, 0] ViPIQVp.

5. Set A=Vp R 5 Vp.

-S* —S*R(I, + R%)TS
6. U= (I+/pA)(I—/pA)~t

Also, notice that from Lemma 10, ,p¢ is guaranteed to be in [—6p, ).

3.1 Connection to Generalized KYP
Following is the Lagrangian dual problem of (6):

minimize A
b

subject to [[ 0} [Q —P—2COS‘90Q:| [I O}

L [¢x¢ ¢c=p] (oo
D*C D*D| =70 I
A=20,P=P,Q2x0,

and this can be also derived from the Generalized KYP lemma [TH05]. How-
ever, as in the H, analysis, the strong duality issue also arises.

Example 2. Consider the scalar system with (A, B,C, D) = (0,0,1,1). The
optimal value of (6) is 1, and so as ||M||ec = 1 over the low frequency region
[—00, 6o], whereas the optimal value of (7) is +o0o because there is no feasible
point.

11



One condition for strong duality is controllability of (A, B). Since the
proof is identical with Proposition 4, we omit the details.

3.2 H. Analysis with High Frequency Disturbance

So far we only considered the low frequency input. Using similar argument,
as in the low frequency input case, we can also include the cases with high
frequency disturbances, Wy = {w : wy, = e/%w,, 0 € [—7, —0p] U [0y, 7]}, or
the middle frequency disturbances, Wiy = {w : wy, = e/ w,, 0 € [01,65]}.
For high frequency disturbances, Wy, a similar approach in the low fre-
quency input gives us

max‘i/mize Tr([C D}V[C D]*)

subject to  [I o}v[é]:[A B]V[gi]
BV o]+ i ov ] = zeselr oy || ©

(o vijo 17) <1
V=0

For middle frequency disturbances, [01,02], we can use (6) by shifting
B, D. Define 6. = %(01 + 69), and 6y = %(02 — 61). Then the spectrum
of w confined in [0y, 6] is equivalent to that the new input w = e /¥ew
has finite spectrum on [—6,#]. In this coordinate, Bw = Bel’, and
Dw = Del%v. Therefore by defining B = Bei%, and D = Del% we have

the following optimization problem:
max‘i/mize Tr <[C’ lN?] V [C’ D]*)

w@MoUﬂVm—MBWEH

*

%[1 O]V[g*]thos@o[[ o]v{

I

vak q(%

0
(o vijo 17) <1
V= 0.

We can also derive dual problems which also can be derived from the
Generalized KYP lemma. However, since the derivation is similar, we omit
the details.

12
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Figure 1: Bode magnitude plot of the scalar system (A,B,C,D) =

(%7 %7 1a 1)

4 Numerical Example
We consider the example in [GB13], (A, B,C,D) = (3,3,1,1). For Bode
magnitude plot, ||C(e?“T — A)™1B + D||, see Fig. 1. Firstly we solve (3),

. . 11 . .
and the optimal solution is Vopt = ] . Notice that V,p is rank one, and

1 1
applying our procedure to extract worst case disturbance, we get xopy = 1,
and wepy = 1. To calculate the peak frequency, we need to solve eJ0opt Topt =
AZopt + Bwept. Obviously, elfrt = 1, and Oopt = 0. This is consistent with
the Bode magnitude plot, Fig. 1, where H., norm is attained when 6 = 0.
To consider bounded frequency disturbance, we set o = 7, and solve (6)
and (8) for low, and high frequency disturbance, respectively. From (6), we
1 H . This makes sense because among
the frequency [—7, ], @ = 0 achieves the peak value. Therefore, we should
expect the same optimal value and optimal solution as in (3).
However, for high frequency disturbance, (8), we obtain the optimal solu-

obtain the optimal solution V7, = [

tion Vi = 04605 0.1907 of which rank is not one. By applying our proce-
0.1907 1
. . 0.2302 0.0954 + 0.3256¢
dure we obtain, rank one matrices, V; = 0.0954 — 0.3256i 05

and Vo = V|*. Notice that V' = V; 4 V5, and it can be easily check that Vi, V5

13
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are in the feasible set and V7, V5 have same objective value as V. Therefore,
V1 and V5 are rank one optimal solutions. Finally, by decomposing V7, we
obtain x7, = 0.1907 — 0.6513¢, and w;, = 1. From e = Axp + Bwy,, we
have e/ = ¢/%. Therefore, the worst case disturbance is wy = €’1%, and
this is consistent with Fig. 1, where the peak occurs at 7 if we consider the
region [—m, —w /4] U [7/4, 7.

5 Conclusion

In this paper we proposed a simple, direct approach to H., analysis. Com-
pared to the classical approach based on the KYP lemma, our approach can
construct an explicit disturbance that achieves the Hy, norm of the system,
and does not require the controllability condition of the system to calculate
the Hy, norm. Moreover, we generalize this approach to the low, middle and
high frequency disturbances and show the effectiveness of our new approach.

6 Proposed Research

6.1 Specialized solver for H,, analysis

Although we have a semidefinite program for H., analysis, we can also
exploit special structures in our optimization problem. Custom solvers for
H analysis with KYP lemma, which is the Lagrangian dual of our primal
problem, are developed in [BB90], [Par99], and [LV07]. This suggests that
our primal problem also have very special structure. Therefore, it would
be a natural direction to connect existing works in the dual problem to our
primal problem.

6.2 Scalable H., analysis

H., analysis problem has a linear matrix constraint V > 0. Generic soft-
ware such as SDPT3 [TTT99], or SeDuMi [Stu99] can solve this problem
numerically, but in practice it can handle only unto moderate size of problem
(50 x50 matrices). To handle larger system, we have to find numerically scal-
able algorithm. Recently, [MT] proposes a scalable sum of squares method
where the author replaces a positive semidefinite matrix by a diagonally
dominant matrix which results in a linear program and/or a matrix with all
2 x 2 subblocks being positive semidefinite which results in a second order
cone program. Although this relaxation offers a lower bound of the prob-
lem, as a result we have a scalable algorithm since a linear program and a

14



second order cone program is computationally cheaper than a semidefinite
program. We can apply this idea to have a linear/second order cone pro-
gram formulation of H., to have a scalable algorithm which offers a lower
bound of the true Hs, norm.

Moreover, recent result in [TL11la] shows that, for some class of sys-
tem, the computation complexity of Hy, analysis with KYP lemma can be
dramatically reduced. This suggests that it may be true that for a certain
class of system, our linear/second order cone relaxation offers the exact Hoo
norm. Therefore it is worth to investigate when this relaxation is tight.

6.3 Towards H., controller design

Standard approach to H, controller synthesis is based on the KYP lemma.
Therefore, it is natural to come up with H,, synthesis with our direct for-
mulation. For example, consider a static state feedback controller u = K.
In this case, Ho optimal controller is given by:

minimize maximize Tr ([C+D2K Dy V [C+ D2k Di]')

subject to I o]V [é} =[A+B,K BV [(A +BB;K)*]
(o vijo 17) <1
V = 0.

(10)
In general, this problem is non-convex, but the minimax structure of the
problem suggests that the minimax iteration may be a good heuristic for
the problem. Notice that we can naturally encode structural constraint on
K to have distributed controller K in the minimization step. This minimax
nature of the problem should be exploited to have a better Hy, synthesis
theory.

7 Appendix

7.1 Results from Linear Algebra

Lemma 7 (A. Rantzer, 1996). Let F,G € C™"*™. The following statements
are equivalent.

(i) FF* = GG*.

(ii) There exists a unitary matriz U such that, F = GU.

15



Proof. See [Ran96). O

For a special case of Lemma 7, consider f,g € C™*!. In this case, a
unitary matrix U is actually scalar, and we get following immediate conse-
quence.

Corollary 8. ff* = gg* if and only if f = €% for some 6.

Lemma 9 (T. Iwasaki, 2000). The following statements are equivalent.

(i) FF* < GG* and FG* + GF* = 0.

(ii) There ezists a skew-symmetric matriv A = —A* such that, FF = GA, ||Al] <
1.

Proof. See [Ebi09] or [IMF00] O
The next result is a consequence of Lemma 9.

Lemma 10. The following statements are equivalent.

(i) FF* = GG*, and FG* + GF* = 2cos FF*.

(ii) There exists a unitary matriv U such that, ' = GU and, U + U™ =
2cos 1.

Proof. From the direction (ii) to (i) is trivial. Let us show the direction
from (i) to (ii).

Define p = {728 < 1, P=F — G, and Q = /i(F + G). Then, (i) is
equivalent to

PQ*+ QP =0, PP* 2 QQ".
From Lemma 9, there exists a matrix A such that
P =QA, A <1, A+ A*=0.
Since A is skew-symmetric, we can find a unitary matrix S such that
A = Sdiag{j\;}S*,

where j\; is the ith eigenvalue of A. From the condition [|A|| < 1, we have
|Ni] < 1. 4 '
Now let us define U = S diag{ -2YEX1 6% Notice that U* = S diag{ 22N 1 6.

T—5/iN; 1+2j\/ﬁ>\i
. . . i /Bh | 1—j/BN 1—pA?
Then, it is obvious that UU* = I. Notice that 17;£& + 1+§£>\¢ = 1+ZA%’

16



1_/"/)‘2 1—

and since A? < 1, we have T +M% > ﬁ Therefore,
1— pA?
U+U* = S diag{2 L1S*
+ iag{ T M)\?}
1
= 92— P55 — 9coshl,

1+ p

which concludes the proof. O

Again, for a special case of Lemma 10, consider f,g € C™*'. We get
following immediate consequence.

Corollary 11. ff* = gg*, fg* + gf* = 2cosOoff*, if and only if f = e'%g
for some 6 € [0, 6p].
7.2 Removing Singularity
Proposition 12. Let A be Schur stable. Consider V = 0 such that
I o]V = [A B]V A and Rank(V) =1
O B* ) Y
then, Tr([0 1)V [0 1]") >0.

Proof. From the decomposition, V = [w} [w] , if Tr ([0 I] \%4 [0 I} ) =

0, then w = 0. Moreover from Corollary 8, there exists e/ such that e??z =
Az + Bw = Az, since w = 0. However, since A is Schur stable, e/ — A
is invertible, therefore x = 0. This implies V' = 0 which is contradict to
Rank(V) = 1. O

7.3 Proof of Proposition 4

Proof. Now we find a basis {v;} for C"*™ to construct

n+m

*
V= E v,
i=1

which satisfies the strict inequality constraints in (3). Then the Slater’s
constraint qualification gives strong duality. Pick n 4+ 1 numbers on the unit
disk e7% e ... ¢i% that are distinct!.

19; can be chosen in the specific frequency region to generalize the proof to bounded
frequency H analysis case
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Since (A, B) is controllable, there exists a matrix K such that the eigen-
values of A — BK are e/, ... ¢/% Denote corresponding eigenvector z;,

(A — BK)x; = ez, (11)

fori=1,---,n.

The rank of a matrix T = [ A—ei] B } is n, because of the Popov-
Belevitch-Hautus (PBH) controllability test [DP00]. Therefore there exists
a basis {t1, - ,tm} for N(T), the null space of T', and by substitution, we
can show that ¢;t7 is a feasible point of problem (3), for alli =1,--- ,m.

Define v, = tx, and let S = span(vy,,v,), and So = N(T'). Suppose,

v o= [x]esmsg.
u

Since v € Sy, there exists {a;}}, such that v = > | a;v;, which implies
T = 2?21 a;xq, and u = 2?21 a;w;. Furthermore, e/%x = Ax+ Bu, because
v € §3. Combining these two equations, we have,

n
ey = 63905 o;T;,
i=1

n n
Ax + Bu = AZaixi +BZaiui
i=1 i=1

n
= > e,
=1

which implies,

n n
g a;e?y;, = E ;e
i=1 =1

From this, we can conclude that «; = 0, for all i, because {z;}]; are linearly
independent, and 60; # 6y for all i. Therefore, S; N Sy = {0} which implies
{v;}2™ are linearly independent. Henceforth, V = Z:lem v;v; satisfies the

strict inequalities in (3), including V' > 0, which implies strong duality holds

from the Slater’s constraint qualification [BV04]. O
References
[BB90] Stephen Boyd and Venkataramanan Balakrishnan. A regular-

ity result for the singular values of a transfer matrix and a

18



[BEGFBY4]

[BSY0]

[BVO04]

[DGKF89]

[Doy84]

[DPOO]

[Ebi09]

[GB13]

[THO5)

[IMF00]

[LVO7]

quadratically convergent algorithm for computing its l,-norm.
Systems € Control Letters, 15(1):1-7, 1990.

Stephen P Boyd, Laurent ElI Ghaoui, Eric Feron, and
Venkataramanan Balakrishnan. Linear matriz inequalities in
system and control theory, volume 15. STAM, 1994.

NA Bruinsma and M Steinbuch. A fast algorithm to compute
the Ho—norm of a transfer function matrix. Systems € Control
Letters, 14(4):287-293, 1990.

Stephen Poythress Boyd and Lieven Vandenberghe. Convex
optimization. Cambridge university press, 2004.

John C Doyle, Keith Glover, Pramod P Khargonekar, and
Bruce A Francis. State-space solutions to standard hg and A

control problems. Automatic Control, IEEE Transactions on,
34(8):831-847, 1989.

John C Doyle. Lecture notes in advanced multivariable control.
ONR /Honeywell Workshop, 1984.

Geir E Dullerud and Fernando Paganini. A course in robust
control theory. Springer New York, 2000.

Yoshio Ebihara. An elementary proof for the exactness of (D,
G) scaling. In American Control Conference, 2009. ACC’09.,
pages 2433-2438. TEEE, 2009.

Ather Gattami and Bassam Bamieh. A Simple Approach to Hy,
Analysis. In Decision and Control, 2013 52th IEEE Conference
on. IEEE, 2013.

Tetsuya Iwasaki and Shinji Hara. Generalized KYP lemma:
unified frequency domain inequalities with design applications.
Automatic Control, IEEE Transactions on, 50(1):41-59, 2005.

Tetsuya Iwasaki, Gjerrit Meinsma, and Minyue Fu. Generalized
S—procedure and finite frequency KYP lemma. Mathematical
Problems in Engineering, 6(2-3):305-320, 2000.

Zhang Liu and Lieven Vandenberghe. Low-rank structure in
semidefinite programs derived from the KYP lemma. In Deci-
sion and Control, 2007 46th IEEE Conference on, pages 5652—
5659. IEEE, 2007.

19



[MT]

[Par99]

[Ran96]

[Sch90)]

[Sch06]

[Stu99]

[TL11a]

[TL11b]

[TTTYY]

[YD13]

Ahmadi Ali Amir Majumdar, Anirudha and Russ Tedrake.
Control and verication of high-dimensional systems with dsos
and sdsos programming. In Decision and Control, 2014. the
53th IEEE Conference on, submitted. IEEE.

Pablo A Parrilo. On the numerical solution of LMIs derived
from the KYP lemma. In Decision and Control, 1999. Proceed-
ings of the 38th IEEE Conference on, volume 3, pages 2334—
2338. IEEE, 1999.

Anders Rantzer. On the Kalman—Yakubovich—Popov lemma.
Systems € Control Letters, 28(1):7-10, 1996.

Carsten Scherer. H,,—control by state—feedback and fast algo-
rithms for the computation of optimal H.,-norms. Automatic
Control, IEEE Transactions on, 35(10):1090-1099, 1990.

C W Scherer. LMI relaxations in robust control. Furopean
Journal of Control, 12(1):3-29, 2006.

Jos F Sturm. Using SeDuMi 1.02, a MATLAB toolbox for
optimization over symmetric cones. Optimization methods and
software, 11(1-4):625-653, 1999.

Takashi Tanaka and Cédric Langbort. The bounded real
lemma for internally positive systems and h-infinity structured

static state feedback. IEEE transactions on automatic control,
56(9):2218-2223, 2011.

Takashi Tanaka and Cédric Langbort. Symmetric formulation
of the Kalman—Yakubovich-Popov Lemma and exact lossless-
ness condition. In Decision and Control and Furopean Control
Conference (CDC-ECC), 2011 50th IEEE Conference on, pages
5645-5652. TEEE, 2011.

Kim-Chuan Toh, Michael J Todd, and Reha H Titiinci.
SDPT3a MATLAB software package for semidefinite program-

ming, version 1.3. Optimization methods and software, 11(1-
4):545-581, 1999.

Seungil You and John Doyle. A Lagrangian Dual Approach to
the Generalized KYP Lemma. In Decision and Control, 2013
52th IEEE Conference on. IEEE, 2013.

20



[ZDGT96]

[ZGBDY4]

Kemin Zhou, John Comstock Doyle, Keith Glover, et al. Robust

and optimal control, volume 272. Prentice Hall New Jersey,
1996.

Kemin Zhou, Keith Glover, Bobby Bodenheimer, and John
Doyle. Mixed H2 and H performance objectives. I. Robust

performance analysis. Automatic Control, IEEE Transactions
on, 39(8):1564-1574, 1994.

21



