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Note: In the upper left hand corner of the second page of your homework set, please put the number of hours
that you spent on this homework set (including reading).

1. Perko, Section 2.2, problem 5 (only if you have had AM 125a or CDS 201): Let V' be a normed linear
space. If T : 'V — Vsatisfies
1T (u) = T(v)l| <cllu— v

forall u,v € VwithO < ¢ < 1then T is called a contraction mapping. It can be shown that
contraction mappings give rise to unique solutions of the equation 7(u) = v

Theorem (Contraction Mapping Principle) Let V' be a complete normed linear space and T : V — Va
contraction mapping. Then there exists a unique # € V such that T(u) = v.

Letf € C' (E)andxy € E.ForI = [—a,aland u € C(I), let

T(u)() =20+ [ f(u(s))ds.

Define a closed subset V of C(I) and apply the Contraction Mapping Principle to show that the
integration equation (7) in Perko, Section 2.2 has a unique solution #() for all t € [—a, a] provided the
constant @ > (is sufficiently small.

2. Perko, Section 2.2, problem 3 (if you have not had ACM 125a or CDS 201): Use the method of
successive approximations to show that if f(x, f) is continuous in f in some interval containing f = 0
and continuously differentiable in X for all X in some open set &£ C [R” containing Xy, then there exists
a > O such that the initial value problem

&t = f(z,t), z(0) =z,

has a unique solution X(#) on the interval [—a, a].

= Note: this problem is very similar to the case we worked out in class (and that you can find in
Perko), but now f(x, ) depends on the time . If you get stuck, there is a hint in Perko (not
transcribed here).
3. Perko, Section 2.3, problem 1: Use the fundamental theorem for linear systems in Chapter 1 of Perko to
solve the initial value problem
&t = Az, z(0) = y.

Let u(t,y) denote the solution and compute


https://www.cds.caltech.edu/~murray/wiki/index.php/ACM_101b/AM_125b/CDS_140a,_Winter_2014
https://www.cds.caltech.edu/~murray/wiki/index.php?title=Special:Upload&wpDestFile=Cds140-wi14_hw3.pdf
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/30953100eaed1e413e921609e73a764f
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/e6cd3b6ed428ddb1ce48569229e25170
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/1b47b6ba2275ef52210e911b2cce0e28
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/d0e304903cd02b43ac38cf1b9c5ccc6d

B(t) = Z—’y‘(t, ).

Show that @(7) is the fundamental matrix solution of

= AP, $(0) =1.
= Note: this problem works through the more general result for nonlinear systems (Corallary on page
83) for the special case of a linear system.
4. Perko, Section 2.5, problem 4: Sketch the flow of the linear system

& =Azr with A= [—01 —23]
and describe ¢, (N (x¢)) forxg = (=3,0),e = 0.2.

5. Perko, Section 2.5, problem 5: Determine the flow ¢, : R? — R? for the nonlinear system

= f(z) with f(m)=[2m:ilmf]

and show that the set S = {x € R?lxy = —x 12/ 4 }is invariant with respect to the flow ¢, .

6. Perko, Section 2.6, problem 2: Classify the equilibrium points of the Lorenz equation

d I o — T
E T2| = |UTy — T2— T1T3
I3 I1T2 — T3

for u > 0. At what value of the parameter 4 do two new equilibrium points "bifurcate" from the
equilibrium point at the origin?

= Note: the number and/or stability type of equilibrium points will change depending on the value of
M. Make sure to classify the equilibrium points for different ranges of ¢4 and not just one value of
. If you get stuck, there are some hints in problem 1(e) of Perko.

Notes:

= The problems are transcribed above in case you don't have access to Perko. However, in the case of
discrepancy, you should use Perko as the definitive source of the problem statement.
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