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Problem 1 (MTA 5.1-1)
For g € GL(n,R) and &,n € L(R™,R™), by definition of the adjoint operator,

Ady¢ = gég!

and hence that

Adylé,n] = gl&,nlg™" = g(En —né)g™
=989~ gng ™" — gng g€y
= [9€g™" gng™"]
= [Adg& Adgn]'

Problem 2 (MTA 5.1-2)

It is clear that T'G is a manifold. Hence, we only need to show that T'G is a
group and that the group multiplication is smooth. Assume that (g,g) € TG
and (h, h) € TG. The group multiplication is defined as Ty : TG xTG — TG,

TM : ((gv g): (h7 B)) = (gha TthiL + Tthg)
TG is a group, because the group multiplication as defined above satisfies:
e (Closure) Since Ty Lyh+T,Rp,§ is in T, G, we see that (g, )-(h, h) € TG.

o (Associativity)

((9:9) - (h, 1)) - (£, ) = (gh, TuLgh + Ty Rug) - (£, f)

= (ghf, Ty Lgnf + Ty R (TyLgh + Ty Ry3))

= (ghf, Ty Lgnf + Tu(Ry © Ly)h + Ty(Ry o Ry)3)
= (ghf,T¢(L, 0 L) f + Th(Ly o Rf)h+Tthfg)
= (ghf,ThsL, (Tthf + Thth) + T, Rurq)
=(9.9) - (Bf, TyLnf + ThRsh)
= (9,

g) - ((h,h) - (£, )
o (Identity) The identity element is (e, 0).

(gag) : (670) = (97T6L9<0) + TgRe§> = (gag)
(¢,0)-(9,9) = (9, TyLeg + T.Ry(0)) = (9, 9)



e (Inverse) The inverse is 1 : (g, g) — (g7, —(T.Ry-1 0 TyL,-1)(g)) (use
Eq. (9.1.3) in the book).
(9:9)- (9,9~ = (9,9) - (9_1 —(TeRg-1 0 TyLyg-1)(9))
(e Ty Ly~ (TR s 0 Ty Ly )(@) + TyRy15)
(e, (L oRy;-10L,1)j+T,R;~17)
= (e,0)
(9.9)"(9:9) = (97", —(TeRy-1 0 TyLy1)(3)) - (9, 9)
= (e, TL —1g+T -1 Ry(—(TeRy-1 0 TyLy1)(7)))
(6 TL 1g T(R OR 1OL971)§)
= (e,0).

Moreover the group operation is smooth since the group operation u is smooth.

Problem 3

(a) (Nawaf Bou-Rabee) Let Xgr(G) denote the set of right invariant vector
fields on G. We will show that the map T.G — X(G) given by:

TeRQ : 5 = }/é(g)

is right-invariant, smooth, and an isomorphism.

To show it is right-invariant consider:
Tth ) Y%(g) = Tth : TeRg : f = Te(Rg o Rh)f = TeRhg : f = Yf(hg)

Thus, Y: € Xg(G).
Moreover, Xr(G) is closed under the Lie bracket, i.e., for X, Y € Xr(G)
then [X,Y] € Xg(G) since

(Rg)+[X,Y] = [(Rg). X, (Rg).Y] = [X,Y]
which follows from the definition of right invariance ((R,).X = X and
(Ry)+Y =Y) and smoothness of R;. Thus, Xp(G) forms a Lie algebra.

To show it is isomorphic to T.G consider the map (; : Xr(G) — T.G
given by
Ye— Ye(e) =€ € T.G

and the map (o : T.G — Xr(G)
E—- TR, - & € Xp(G)

Since (; 0 (o = id7,g and ¢y 0 (; = idg, (@), the two spaces are bijec-
tive. Moreover these maps preserve hnearlty, hence the two spaces are
isomorphic.



(b) (Nok Wingpiromsarn 2007) Since ¢ is the inversion map, we obtain
Typ-u=—Ty(Rg-10Ly1)-u
for all u € T,G. Also, since X is left invariant, we have
(TuLy) X (h) = X (gh)
Consequently, we get

(¢-X)(9) = Tyrp- X -7 (9)
= —Ty-1(Rgo0 Ly) - X(g™)

chain rule —T,Ry-Ty 1L, T,Ly - X(e)

= TRy - Te(Lg-1 0 L) - X(e)
= —T.R, - X(e)

So (¢.X)(e) = —TeRe(X(e)) = =X (e). Also,

(@X(h) = LRu-X()
= —Te(Ryo Ry) - X(e)

chain rule

—Tth : TeRg : X(e)
- TyRy, - (—T.Re(X (€)))

Thus, by definition, ¢.(X) is the right invariant vector field. Since ¢ is
a diffeomorphism, ¢ is an isomorphism between the set of left and right

invariant vector fields on G.

Finally, we want to show that X — ¢.(X) gives a Lie algebra isomor-
phism between the. Since ¢ is a diffeomorphism, from Proposition 4.2.23,
0. X, Y] = [9.X, ¢.Y]. Thus, ¢ preserves the Jacobi-Lie bracket of left-
invariant vector fields, i.e., given left and right invariant vector fields:

X¢, X, and Ye, Y;), by the calculation above,

0« [Xe, Xy = 0. Xje) = [0 Xe, 0.X5] = [Ve, V3] € XR(G)

Problem 4 (MTA 5.2-1 (iii)-(v)) (Nok Wingpiromsarn 2007)

(iii) Using the identity,

Wi — Wa1 = C/UTwz



we get

[Xl,XQ](R) == (DX2 . Xl - DXl : XQ)(R)
= (Wowy — wwa)R

= —wq X WQR
(PS 2009: Alternatively, in the notation of P.298 of the book, X;(R) =
W'R = Yz(R), so
[le Xg] (R) - [Y@l y Y@2]
= — Y51 52 (Cf tOp of P.299)
= —[@" %R
= -(@'0* -o%WYHR
= —(w1/><\w2)R by a straightforward calculation.)
(iv) A € SO(3) = AAT = AT A = Identity. If A is also symmetric, then
AA = e = Identity. So the set of matrices in SO(3) that are also sym-
metric is given by
{A | A*> = Identity,det A = +1}
From Corollary 5.2.8, A can be written as

1 0 0
A=B |0 cosf —sinf| BT
0 sinf cosf

where B € O(3). So we have

e = AA

10 0o 1°

= B|0 cosf —sinf| BT
_0 sinf cos0
1 0 0

= B |0 cos20 —sin26| BT
[0 sin 20  cos 26

1 0 0
BTeB=¢ = |0 cos20 —sin26

0 sin20 cos?20

Thus, we get that § = nm,n € Z. So the set of matrices in SO(3) that
are also symmetric is given by

1 0 0
IdentityU{ B |0 —1 0 | B | BeO(3)
0 0 -1



Note that these matrices correspond to a rotation through an angle
nm,n € Z about an axis w where w is an eigenvector of A with eigenvalue
1. These matrices have eigenvalues 1,1,1 or 1,-1,-1.

(v) Using the identity
(20)z = yz' 2 — 2Tyz = (ya© — 2Tye)z

where e is the identity matrix, we get that

1
5 trace(@, 03 ) = ) trace(wws)

1

= -3 trace(waw! — wi wye)
1

= -3 (trace(wowy ) — trace(w{ woe))
1

= 3 (wlTng 3w1Tw2)

= u)fwg

= Wi Wy

Problem 5 (MTA 5.2-5)

(i) First, since SO(n) and R" are manifolds, it is clear that G is also a
manifold. To show that G is a group, just notice that

— If (A,v) and (B,w) are in G (which means that A, B € SO(n)),
then AB is also in SO(n) because AB(AB)" = ABBTAT =1. Tn
addition, Aw + v is in R”. Thus (A,v)(B,w) is in G.

— The associative property holds, i.e.,

(A, v)((B,w)(C,y)) = (A,v)(BC, By +w) = ABC, ABy + Aw + v)
= (4, 0)(B,w))(C,y).

— The identity element is (7, 0).

— The inverse of (A, v) is (AT, —ATv), which is shown by (A, v)(AT, —ATv) =
(AAT —AATv +v) = (1,0) and (AT, —ATv)(A,v) = (ATA, ATv —
ATv) = (1,0).

Thus, G is a group.

Finally, the group operation (which is just matrix - vector multiplications
and addition) is smooth on L(R™, R™)xR", and hence on the submanifold
G. So, we conclude that G is a Lie group.



(ii) Let g = (A,w) € G. Define a submersion f : G — R" as follows:

flg) = w.

Then f(g) = 0 defines a closed submanifold of G, which is exactly
SO(n) x {0}. Furthermore, (A,0)(B,0) = (AB,0), the identity (/,0),
and the inverse (A”,0) of (4,0) are all in SO(n) x {0}, and the associa-

tive property follows immediately. Hence SO(n) x {0} is a subgroup of
G.



