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Note: In the upper left hand corner of the second page of your homework set, please put the number of hours
that you spent on this homework set (including reading).

1. Perko, Section 4.1, Problem 1:
(a) Consider the two vector fields

o= s =),

T T + pT2

Show that ||[f — g||; = lul(max,exk [|x|| + 1), where K C R? is a compact set containing the origin
in its interior.

(b) Show that for ¢4 # O the systems

T) = —2> Ty = —Ts+ Pz
. and
To =12 Ty =) + T2

are not topologically equivalent.

Hint: Let ¢, and i, be the flows defined by these two systems and assume that there is a

homeomorphism H : R? — R?and a strictly increasing, continuous function #(7) mapping R onto R
such that ¢, ) = H~! oy o H Use the fact that 1im,_ o ¢,(1,0) # Oand that for u < 0,

lim,_, Y, (x) = Oforallx € R? to arrive at a contradiction.

2. Consider the dynamical system

. (0 t=o, .
mg + bg + kg = u(t), U(t)=i1 oo A0 =4d0)=0,

which describes the "step response" of a mass-spring-damper system.

(a) Derive the differential equations for the sensitivities of g(¢) € IR to the parameters p and k. Write out
explicit systems of ODEs for computing these, including any initial conditions. (You don't have to
actually solve the differential equations explicitly, though it is not so hard to do so.)

(b) Compute the sensitivities and the relative (normlized) sensitivies of the equilibrium value of g to the
parameters p and k. You should give explicit formulas in terms of the relevant parameters and initial
conditions.


https://www.cds.caltech.edu/~murray/wiki/index.php/ACM_101b/AM_125b/CDS_140a,_Winter_2014
https://www.cds.caltech.edu/~murray/wiki/index.php?title=Special:Upload&wpDestFile=Cds140-wi14_hw8.pdf
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/38003702000e64c861cbc2c75a70bd6b
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/686c356a3593718a09c34fb62409092f
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/2d9384abbab6b6ad6cb10b994d546ae2
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/71f8537d6553291b7a5c2724d6c75a39
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/13829ba387b9fae00fa9b599794cd017
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/de70a153b5dce7eab21a2fedf383276b
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/3ef2232eeb5c6a60103874ac9259c6a8
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/13829ba387b9fae00fa9b599794cd017
https://www.cds.caltech.edu/~murray/wiki/extensions/wikitex/tmp/de70a153b5dce7eab21a2fedf383276b

(c) Sketch the plots of the relative sensitivities S, 5 and S, . as a function of time for the nominal
parameter values m = 1, = 2,k = 1.

3. Perko, Section 4.2, Problem 4: Consider the planar system
T = pr —
y=—v.
Verify that the system satisfies the conditions for a transcritical bifurcation (equation (3) in Section 4.2)
and determine the dimensions of the various stable, unstable and center manifolds that occur.
4. Perko, Section 4.2, Problem 7: Consider the two dimensional system
&t = —z* + 5uz? — 4u°
y=-y.
Determine the critical points and the bifurcation diagram for this system. Draw phase portraits for the

various values of ¢ and draw the bifurcation diagram.
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